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On exponential sums
by Ricardo Garc´ıa Lo´pez 1
0. Introduction.
(0.1) Let k denote a finite field with q = ps elements, let f ∈ k[x1, . . . , xn]
be a polynomial and let Ψ : Fp → C
∗ be a non-trivial additive character.
Consider the exponential sum:
S(Ψ, f) =
∑
x∈kn
Ψ(Trk/Fp(f(x))).
This sum admits the following cohomological interpretation (see [7, Sommes
trig.], [9, (3.5.4)]): Let Hf ⊆ A
n+1
k = Speck[x1, . . . , xn, t] be the hypersurface
given by the equation tp−t = f . The projection mapHf → A
n
k gives a Galois
covering of Ank (an Artin-Schreier covering) with Galois group the additive
group Fp. Fix a prime l 6= p and a finite extension Eλ of Ql containing
the p-roots of unity, fix an inmersion Q(µp) →֒ Eλ. One can regard Ψ as
a character on Fp with values on E
∗
λ and, extending the structure group of
the torsor Hf by means of Ψ, one obtains an Eλ-sheaf on A
n
k which will be
denoted Fk(f). From now on, a scheme over k (or a sheaf defined on such
a scheme) will be denoted by a subindex k, the supression of this subindex
will mean that we have extended scalars to a fixed algebraic closure of k that
will be denoted K, thus we have F(f) := Fk(f)⊗kK. Notice that if we take
the polynomial x ∈ k[x] and we set L = F(x), then for any polynomial f
(regarded as a map f : An → A1) one has that F(f) = f ∗L.
The cohomological interpretation of S(Ψ, f) follows now from Grothendieck’s
trace formula (cf. [7, pg. 174]). One has:
S(Ψ, f) =
∑
i
(−1)iTr(F, H ic(A
n,F(f))),
where H∗c denotes cohomology with compact supports and Tr denotes the
trace of the Frobenius morphism F : H ic(A
n,F(f))→ H ic(A
n,F(f)).
(0.2) Set d = deg(f), let f = fd + fd−1 + . . . be the decomposition of f into
homogeneous components and let X if ⊆ P
n−1 be the projective hypersurface
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defined by the form fi (1 ≤ i ≤ d). In [3, The´ore`me (8.4)] (see also [4, (3.7)]),
P. Deligne applies his solution of the Weil conjecture to prove the following
theorem:
Theorem (Deligne): With the notations above, assume:
i) Xdf is non-singular.
ii) gcd(d,p)=1.
Then:
i) H ic(A
n,F(f)) = 0 if i 6= n.
ii) dimHnc (A
n,F(f)) = (d − 1)n and Hnc (A
n,F(f)) is pure of weight n
(i.e., all eigenvalues of the Frobenius action on this vector space have
absolute value qn/2).
iii) ‖S(Ψ, f)‖ ≤ (d− 1)nqn/2
Notice that iii) follows from i) and ii) in view of Grothendieck’s trace formula.
According to Katz ([9, pg.151]), this theorem answers a question posed by
Mordell and later also by Bombieri.
(0.3) In this paper we give bounds for the exponential sums S(Ψ, f) in cases
where the variety Xdf is singular, at the price of additional (but explicit)
restrictions on the characteristic of k. Before we state our main result, we
first describe the singularities that we are going to allow on Xdf .
Definition: Let g ∈ k[x1, . . . , xn] be a polynomial, δ a positive integer. We
will say that g is weighted homogeneous of total degree δ if there are positive
integers α1, . . . , αn (called the weights) with gcd(α1, . . . , αn) = 1 and such
that for all x1, . . . , xn, λ ∈ K one has:
g(λα1x1, . . . , λ
αnxn) = λ
δg(x1, . . . , xn).
Let X be an algebraic variety over K, let x ∈ X be a closed point. We will
say that X has a weighted homogeneous hypersurface singularity at x (whhs
for short) if there is an isomorphism of K-algebras
OhX,x ≃
K{x1, . . . , xn}
(g)
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where OhX,x denotes the henselianization of OX,x and g is a weighted homo-
geneous polynomial. If δ is the total degree of g we will say that δ is a total
degree of the (e´tale) germ (X, x). If the singularity of X at x is isolated (i.e.
X is smooth in a punctured e´tale neighborhood of x), as usual we will denote
by µ the Milnor number of (X, x), that is,
µ = dimK
K{x1, . . . , xn}
(∂g/∂x1, . . . , ∂g/∂xn)
.
One has to be aware of the fact that, unlike in the complex case, in general
the number µ is not the dimension of a space of vanishing cycles associated
to the smoothing of (X, x) given by the equation g.
The Milnor number depends of course on the germ (X, x), but not on the
polynomial g. This follows from [5, Expose´ XVI, (1.1) and (1.3)]) and also
from the following lemma, which we recall here since it will be (implicitely)
used several times in this paper:
Lemma: Let K be a field, let g, h ∈ K{x1, . . . , xn} be such that one has an
isomorphism of K-algebras
K{x1, . . . , xn}
(g)
≃
K{x1, . . . , xn}
(h)
.
Then there is a K-automorphism Φ of K{x1, . . . , xn} such that Φ(g) = h.
The proof given in the complex case by Loojienga in [11, Chap. I, Lemma
(1.7)] works verbatim for an arbitrary field K.
As in the case of complex singularity germs, whhs include a number of in-
teresting families of singularities. For example, it follows from [2] that if
char(K) > 5 then all rational double points are whhs (since in this case they
are given by the same normal forms as in the complex case).
In this paper we prove the following:
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(0.4) Theorem: Let f ∈ k[x1, . . . , xn] be a polynomial and Ψ : Fp → C
∗ a
non-trivial additive character. With the notations described above, assume:
i) Xdf has at most weighted homogeneous isolated singularities. If Sing (X
d
f ) =
{x1, . . . , xs}, let µi denote the Milnor number of (X
d
f , xi) and let δi be
a total degree for this germ (1 ≤ i ≤ s).
ii) xi 6∈ X
d−1
f for 1 ≤ i ≤ s.
iii) gcd(p, d(d− 1)δ1 . . . δs) = 1.
Then:
i) H ic(A
n,F(f)) = 0 if i 6= n.
ii) dimHnc (A
n,F(f)) = (d − 1)n −
∑s
i=1 µi and H
n
c (A
n,F(f)) is pure of
weight n.
iii) ‖S(Ψ, f)‖ ≤ ((d− 1)n −
∑s
i=1 µi) · q
n/2.
(0.5) Examples:
a) Sums in two variables: Let f ∈ k[x, y] an homogeneous polynomial of
degre d. In K[x, y] we have a decomposition
fd(x, y) =
l∏
i=1
(αix− βiy)
ni.
Let f ∈ k[x, y] be any polynomial of highest degree form fd and such that
if fd−1 is its homogeneous component of degree d − 1 then f(βi, αi) 6= 0
whenever ni > 1. Then, if gcd(p, d(d− 1)Π
l
i=1ni) = 1 one gets the bound
‖S(Ψ, f)‖ ≤ ((d− 1)2 −
l∑
i=1
(ni − 1)) · q.
b) Arrangements of lines: Let l1, . . . , ld ∈ k[x, y, z] be distinct linear forms
defining an arrangement of lines in P2k. Set fd = l1 ·. . .·ld and let f ∈ k[x, y, z]
be any polynomial with highest degree form fd and such that its homogeneous
component of degree d− 1 defines a plane curve that does not pass through
any of the intersection points of the lines.
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Let ni denote the number of points where exactly i lines meet. Then, if
gcd(p, d(d− 1)
∏
ni>0 i) = 1, one gets from (0.4) the bound:
‖S(Ψ, f)‖ ≤ ((d− 1)3 −
∑
i≥1
ni(i− 1)) · q
3/2.
In particular, if the arrangement is generic (i.e. no more than two lines meet
at a point), one has:
‖S(Ψ, f)‖ ≤ ((d− 1)3 −
(d− 1)(d− 2)
2
) · q3/2
under the assumption that gcd(p, d(d− 1)) = 1.
Other extensions of Deligne’s theorem are proved in [9, (5.1.1)] and [1], the
last generalized in [6, Theorem (9.2)]. These theorems neither imply nor
are implied by theorem (0.4) above. The proof of (0.4) is partially inspired
by the results in [8] about the monodromy at infinity of polynomials (with
complex coefficients). The rest of the paper is devoted to it.
1. Reduction to the case f = fd + x
d−1
n .
(1.1) Let f ∈ k[x1, . . . , xn] be a polynomial satisfying the assumptions of
(0.4). Let k ⊆ k′ be a finite extension of k such that in Pn−1k′ there is a
hyperplane H ⊆ Pn−1 which intersects transversally the projective hyper-
surface Xdf . Let ϕ be a linear automorphism of k
′[x1, . . . , xn] which sends H
to the hyperplane xn = 0. Let f
′ = ϕ(f) = f ′d + . . . and set g = f
′
d + x
d−1
n .
We claim that if H ic(A
n,F(g)) is pure of weight n, so is H ic(A
n,F(f ′)), and
these Eλ-vector spaces have the same dimension for all i ≥ 0. In order to
prove this claim, we adapt to our situation a construction of Deligne (cf. [3,
(8.10)], [4, (3.7.2)]): Let S ′ be the affine space over k′ which parametrices
polynomials in n variables of degree d with fixed highest degree form f ′d.
Let S ⊆ S ′ be the open subset corresponding to polynomials h such that
Sing(Xdh) ∩ X
d−1
h = ∅. Let FS ∈ H
0(S,OS[x1, . . . , xn]) be the universal
polynomial over S. It defines a corresponding Artin-Schreier sheaf F(FS)
over S ×Ank′, let π : S ×A
n
k′ → A
n
k′ be the projection map. Then one has:
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(1.2) Lemma: The sheaves Riπ!F(FS) are locally constant for all i ≥ 0.
Proof: It follows closely that of [4, (3.7.3)], we detail the proof as long as
differences appear: We embed Ank′ →֒ P
n
k′, let V∞ be the hyperplane at
infinity and denote by j : S ×Ank′ →֒ S × P
n
k′ the inclusion map. We claim
that, locally for the e´tale topology, the S-scheme S ×Pnk′ endowed with the
sheaf j!F(FS) is constant, that is, isomorphic to the product of S with a
scheme endowed with a sheaf. Over S ×Ank′ this is clear because j!F(FS) is
locally constant there. If h ∈ V∞ is a closed point and x a closed point on
{h} × S, then we have the following possibilities:
i) f ′d does not vanish on h.
Then there are local coordinates t1, . . . in a neighborhood of x such
that FS = t
−d
1 (use that gcd(d, p) = 1). Since this expression for FS is
independent of the parameters of S, the claim follows.
ii) f ′d vanishes at h, but h is not a singular point of f
′
d = 0.
Then there is an e´tale S-morphism ϕ from an e´tale neighborhood of
p into S × Ank′ such that FS ◦ ϕ = t
−d
1 t2, where t1, t2, . . . are local
coordinates on that e´tale neighborhood.
iii) h is a singular point of f ′d = 0.
In an affine neighborhood of p we have:
FS = (αd + tαd−1 + t
2αd−2 + . . .)t
−d
where t, . . . are local coordinates, αd ∈ m
2
x, αd−1 6∈ mx (mx being
the maximal ideal corresponding to x) and αd is independent of the
parameters of S (since the highest degree form is fixed in all polynomials
corresponding to points of S). Let f1 = αdt
−d, f2 = t
−d+1(αd−1 +
tαd−2 + . . .). Then, in a neighborhood of x we have FS = f1 + f2.
From this equality follows (cf. e.g. [10, (2.1.3)]) that locally j!F(FS) =
j!F(f1) ⊗ j!F(f2). Now it suffices to prove that j!F(f2) is constant
as an S-sheaf. But this follows from the fact that after a change of
coordinates, one has f2 = t
−d+1
1 , t1 a local coordinate.
Now one concludes exactly as in [4, (3.7.3)] by using [7, Th. finitude, (2.16)]
and [7, Appendix]. ✷
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Both the polynomials f ′ = ϕ(f) and g correspond to points on the open set
S. But if s ∈ S and we denote by FS(s) the corresponding polynomial, the
fiber of Riπ!F(FS) over s is precisely H
i
c(A
n
k′,F(FS(s))). Thus we have that
H ic(A
n,F(f ′)) and H ic(A
n,F(g)), have the same dimension and moreover,
by [4, (1.8.12)], if one of them is pure of weight n so is the other. Now from
the definition of f ′ it follows that in order to prove our main result it suffices
to prove:
(1.3) Proposition: Let f ∈ K[x1, . . . , xn] be a polynomial of the form f =
fd+x
d−1
n which satisfies the assumptions of (0.4). Assume that the projective
hypersurface {fd = 0} ⊆ P
n−1 intersects the hyperplane xn = 0 transversally.
Then conclusions i) and ii) of (0.4) hold for the polynomial f .
This proposition will be proved in the next two sections.
2. Ramification at infinity.
(2.1) We refer to [12] and [9] for the definition of tame and wild ramification
of a sheaf at a point. For future reference we recall that a pro-p-group (i.e.,
a projective limit of finite p-groups) has no quotients of order prime to p and
that any continous l-adic representation of a pro-p-group P factors through
a finite quotient of P (cf. [13, p. 515]).
Let Z ⊆ Pn×A1 be the hypersurface given by the equation fd(x1, . . . , xn)+
xd−1n x0 = sx
d
0 where x0, . . . , xn are homogeneous coordinates in P
n and s is
a coordinate in A1. The projection map Z → A1 is a compactification of
f : An → A1, therefore we will denote it by f¯ . Then we have:
(2.2) Proposition: The sheaves Rif¯∗Ql are tamely ramified at infinity for
all i ≥ 0.
Proof: Let X ⊆ Pn × A1 be the hypersurface given by t(fd(x1, . . . , xn) +
xd−1n+1x0) = x
d
0, π : X → A
1 the projection map. It will be enough to see
that the sheaves Riπ∗Ql are tamely ramified at 0 ∈ A
1. Let δ : A1 → A1 be
given by δ(t) = td. Denote by X ′ be the normalization of the fiber product
X ×δ A
1 and by π′ : X ′ → A1 the projection map. Since gcd(d, p) = 1 and
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the wild part of the inertia group of 0 ∈ A1 is a pro-p-group, by (2.1) it will
be enough to show that the sheaves Riπ′∗Ql are tamely ramified at the origin.
Let S = Spec OˆA1,0 be the spectrum of the completion of OA1,0, let µ ∈ OˆA1,0
be a uniformizing parameter, so we have S ≃ SpecK[[µ]]. Denote again by
π′ : X ′ → S the map obtained from π′ above by base change. Let s (resp. η)
denote the closed (resp. the generic) point of S. Let η¯ be a geometric point
localized at η. Let Ys denote the fiber of π
′ over s, Yη¯ the fiber over η¯. From
the Leray spectral sequence for Yη¯ → X
′ one gets a vanishing cycles spectral
sequence:
Ep,q2 = H
p
c (Ys, R
qΦη(Ql))⇒ H
p+q
c (Yη¯,Ql),
equivariant with repect to the action of the inertia group I = Gal(η¯/η). We
want to show that the action of the wild part P ⊂ I is trivial on H∗c (Yη¯,Ql).
Following Katz (cf. [9, pp 176-180]), in order to prove this we will show that
the action of P is trivial on the sheaves RqΦη(Ql). This implies (via the
spectral sequence above) that the action of P on Hp+qc (Yη¯,Ql) is nilpotent.
Since this action factors through a finite quotient of P , it must be semisimple
and therefore trivial.
Let z ∈ Ys be a closed point. If z is not a singular point of Ys, then
(RqΦη(Ql))z ≃
{
0 if q > 0
Ql if q = 0
and the action of I is trivial. In general one has
(RqΦη(Ql))z ≃ H
q
c (X
′
(z)η¯,Ql)
where X ′(z)η¯ is the fiber over η¯ of the henselianization X
′
(z) of Y at z (the “local
Milnor fiber”). Notice that X ′ is isomorphic to the hypersurface in PnS given
by {fd(x1, . . . , xn+1)+µx
d−1
n+1x0−x
d
0 = 0}. Under this isomorphism, a (closed)
singular point z of Ys corresponds to a point ((0 : x1 : . . . : xn), s) ∈ P
n × S,
where x = (x1 : . . . : xn) is a singular point of X
d
f . Let g be a local equation
defining the germ (Xdf , x) which is a weighted homogeneous polynomial with
weights (α1, . . . , αn) and total degree δ. Then one has an isomorphism
X ′(z) ≃ Spec
(
K{x1, . . . , xn}
g + µx0 − xd0
)
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Let T be an indeterminate, let Xj (j = 1, 2) be the K(T )[[µ]]-schema ob-
tained from X ′ by the base change θj : K[[µ]]→ K(T )[[µ]] defined by
θj =
{
µ if j = 1
T (d−1)δµ if j = 2
The coordinates change given by:
T 7→ T
µ 7→ µ
x0 7→ x0T
δ
xj 7→ xjT
dαj j = 1, . . . , n


establishes a K(T )[[µ]]-isomorphism between X1(z1) and X2(z2), where z1
(resp. z2) is the only K(T )-rational point of X1 (resp. of X2) over z. By [10,
(9.3.5.2)] (see also [9, pp. 184-187]), the action of the inertia group I over
H∗c (X
′
(z)η¯,Ql) factors through the finite cyclic quotient of I of order (d−1)δ.
Since we assumed that gcd((d− 1)δ, p) = 1 and P is a pro-p-group, by (2.1)
the action of P is trivial and we are done. ✷
(2.3) Corollary: The sheaves Rif!Ql are tamely ramified at infinity for all
i ≥ 0.
Proof: Let X∞ = X ′ ∩ {x0 = 0}, let X
0 = X ′ − X∞, set π0 = π′|X0 ,
π∞ = π′|X∞ (as above, π
′ : X ′ → S). In order to prove the corollary it
suffices to prove that the sheaves Ri(π0)!Ql are tamely ramified at the closed
point of S. There is an exact sequence of sheaves on S:
. . .→ Ri−1π∞∗ Ql → R
iπ0!Ql → R
iπ′∗Ql → . . .
equivariant with respect to the action of the inertia group. One has X∞ ≃
Xdf × S and under this identification π
∞ corresponds to the projection onto
S. This implies that the action of the inertia group on Ri−1π∞∗ Ql is trivial.
By the proof of the proposition above, the action of the wild part P ⊂ I is
trivial on Riπ′∗Ql. Again since P is a pro-p-group, its action on R
iπ0!Ql is
semisimple and then, in view of the exact sequence above, is trivial. ✷
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3. Cohomology computations and end of the proof.
We first recall the following proposition, which is a direct consequence of
Proposition (3.1) in [6]:
(3.1) Proposition: Let Y be a smooth K-scheme of pure dimension n, g :
Z → A1 a proper K-morphism. Suppose that g is smooth outside a finite
number of points and Rig∗Ql has tame ramification at infinity for all i ≥ 0.
Then
H ic(Z, g
∗L) = 0 for i 6= n, and
Hnc (Z, g
∗L) is pure of weight n
(In [6] it is assumed that both Y and g are defined over k, but the proof
works also over K).
We want to apply (3.1) to f¯ : Z → A1 (cf. section 2). In order to do this we
prove the following two lemmas:
(3.2) Lemma: Let f = fd+x
d−1
n ∈ K[x1, . . . , xn] be a polynomial of degree d
and assume that gcd(p, d−1) = 1 (as before, p = char(K)). If the hyperplane
{xn = 0} in P
n−1 intersects the hypersurface {fd = 0} transversally, then
the map f : An → A1 is smooth outside a finite number of points.
Proof: Let Σ ⊆ An denote the critical variety of f : An → A1. Let V ⊆ An
be the subscheme defined by the equations
∂fd
∂x1
= . . . =
∂fd
∂xn−1
= 0.
We claim that dimV ≤ 1. Since V is a cone with vertex at the origin it will
be enough to see that the intersection V ∩ {xn = 0} reduces to 0 ∈ A
n. Let
W = {fd = 0}∩{xn = 0} ⊆ P
n−1. Then V ∩{xn = 0} is the affine cone over
the singular locus of W . But since the intersection of {fd = 0} and {xn = 0}
is transversal, W is smooth and V ∩ {xn = 0} = {0}.
If V = {0} we are done, otherwise it will be a union of lines through the origin.
Assume now that dimΣ ≥ 1. Then the affine hypersurface ∂fd
∂xn
+(d−1)xd−2n =
10
0 contains at least one line l ⊆ V . This line cannot be contained in the
hyperplane xn = 0, so it will be given by equations
x1 = α1xn
...
xn−1 = αn−1xn

 ,
where α1, . . . , αn−1 ∈ K. Since
∂fd
∂xn
is homogeneous of degree d − 1, substi-
tuying on ∂f
∂xn
we have:
xd−2n (xn
∂fd
∂xn
(α1, . . . , αn, 1) + (d− 1)) ≡ 0
which implies d−1 ≡ 0 (mod p), and this is impossible since gcd(p, d−1) = 1.
✷
(3.3) Remark: In characteristic zero, it is easy to see that the conclusion of
the lemma above holds under the weaker assumption that the hyperplane
xn = 0 does not intersect the singular locus of the projective hypersurface
fd = 0.
In positive characteristic, the lemma does not hold without the assumption
gcd(p, d− 1) = 1 (Consider for example the polynomial xp+1 + yp ∈ K[x, y],
char(K) = p).
(3.4) Lemma: Let f ∈ K[x1, . . . , xn] be a polynomial veryfing the assump-
tions of the preceding lemma. Let f¯ : Z → A1 be the compactification of f
introduced in section 2. Then f¯ has a finite number of critical points.
Proof: Let x = (x0, . . . , xn) be a (closed) critical point of f¯ . If x0 6= 0 then
x corresponds to a critical point of f via
i : An →֒ Z
(x1, . . . , xn) 7→ (1, x1, . . . , xn, f(x1, . . . , xn))
and we know from (3.3) that there is a finite number of them. If x0 = 0
then one must have ∂fd
∂x1
(x) = . . . = ∂fd
∂xn
(x) = xn = 0, which contradicts our
assumptions on f . ✷
11
(3.5) Lemma: Let Z∞ = Z ∩ {x0 = 0}. Then:
Hkc (Z
∞, f¯ ∗L|Z∞) = 0 for all k ≥ 0.
Proof: We have that Z∞ ≃ Xdf ×A
1, where Xdf = {fd = 0} ⊆ P
n−1. and
under this identification f¯|Z∞ corresponds to the projection onto A
1. One
has:
Hkc (Z
∞, f¯ ∗L|Z∞) = H
k
c (Z
∞, (f¯|Z∞)
∗L) = Hkc (X
d
f ×A
1, (f¯|Z∞)
∗L) =,
and by the Ku¨nneth formula,
= ⊕i+j=kH
i
c(X
d
f , Eλ)⊗H
j
c (A
1,L)
But since the character Ψ is non-trivial, Hjc (A
1,L) = 0 for all j ≥ 0 ([9, pg.
99, Lemme], thus we are done. ✷
(3.6) We have an exact sequence:
. . .→ H ic(A
n, i∗f¯ ∗L)→ H ic(Z, f¯
∗L)→ H ic(Z
∞, f¯ ∗L|Z∞) . . . .
Since f¯ ◦ i = f , we have i∗f¯ ∗L = F(f), thus from proposition (3.1), lemmas
(3.4), (3.5) and this sequence it follows that H ic(A
n,F(f)) = 0 if i 6= n and
Hnc (A
n,F(f)) is pure of weight n. It remains to compute its dimension. If
X is a K-scheme and F is a Ql-sheaf over X , set:
χc(X,F) =
∑
i≥0
dimQlH
i
c(X,F).
We will use the following proposition:
(3.7)Proposition ([9, pg. 156]): Let f : An → A1 be a morphism such that
Rif!Ql has tame ramification at infinity for all i ≥ 0. Then:
χc(A
n, f ∗L) = 1− χc(f
−1(η¯),Ql),
where η¯ is a generic geometric point of A1.
(3.8) Assume now that f ∈ K[x1, . . . , xn] is a polynomial satisfying the
assumptions of (1.3). Notice that Xdf = Z
∞ ∩ f¯−1(η¯). From the exact
sequence
. . .→ H ic(f¯
−1(η¯),Ql)→ H
i
c(X
d
f ,Ql)→ H
i+1
c (f
−1(η¯),Ql)→ . . .
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follows that χc(f
−1(η¯),Ql) = χc(f¯
−1(η¯),Ql)− χc(X
d
f ,Ql). Also, f¯
−1(η¯) is a
smooth projective hypersurface of degree d in Pn, thus its Euler characteristic
can be computed, say by comparison methods, and it is well known to be:
χc(f¯
−1(η¯),Ql) =
1
d
[(1− d)n+1 − 1] + n + 1.
Thus it remains only to compute the Euler characteristic of Xdf .
(3.9) Lemma: In the situation described above, and with the same notations,
χc(X
d
f ,Ql) =
1
d
[(1− d)n − 1] + n+ (−1)n
s∑
j=1
µj.
where the µj (1 ≤ j ≤ s) are the Milnor numbers (cf. (0.3)) of the singular
points of Xdf .
Proof: Let ϕ : X → S be a flat, proper K-morphism, where X is a smooth
K-scheme, S is the spectrum of a strictly henselian ring with residue field K
and generic point η, the fiber of ϕ over a generic geometric point η¯ is a smooth
projective hypersurface of degree d in Pn−1 and the special fiber is isomorphic
to Xdf (The existence of such a ϕ can be proved as follows: One considers
the universal family U → PN of smooth projective hypersurfaces of degree d
in Pn−1, the hypersurface Xdf corresponds to a point x
∞ on the discriminant
locus, one takes then a “transversal slice”, i.e. S = Spec (OPn−1,x∞/I)
sh
(sh denotes strict henselianization), where I ⊂ OPn−1,x∞ is an ideal defining
a smooth curve in PN which intersects transversally the discriminant locus
at x∞. The map ϕ is then obtained by base change, details are left to the
reader).
In this situation we have a exact sequence of vanishing cycles (cf. [5, Expose´
XIII, (2.1.8.9)]):
. . .→ H i(Xdf ,Ql)→ H
i(Xη¯,Ql)→ H
i(Xdf , RΦη¯(Ql))→ . . . .
and
Hi(Xdf , RΦη¯(Ql)) = ⊕
s
j=1(R
iΦη¯(Ql))x¯j ,
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where x¯1, . . . , x¯s are geometric points over the singular points of X
d
f . Thus,
χc(X
d
f ,Ql) = χc(Xη¯,Ql)−
s∑
j=1
∑
i
(−1)idim (RiΦη¯(Ql))x¯j .
On the spaces (RiΦη¯(Ql))x¯j there is an action of the inertia group I =
Gal(η¯/η) and, since the singularities of Xdf are weighted homogeneous with
total degrees δ1, . . . , δs and gcd(p, δ1 . . . δs) = 1, one proves as in proposition
(2.3) that this action is moderate (i.e., that the action of the wild part P ⊂ I
is trivial). It follows then from [5, Expose´ XVI, The´ore`me 2.4] that
(−1)n
∑
i
(−1)iRiΦη¯(Ql)x¯j = µj ,
where µj is the Milnor number of the germ (X
d
f , xj). Now the Euler char-
acteristic of Xη¯ can be easily computed as in (3.8) above (notice that the
dimension of Xη¯ is one less than that of f¯
−1(η¯)), and then the lemma is
proved. ✷
(3.10) It follows from (3.7), (3.8) and (3.9) that
dim Hnc (A
n,F(f)) = (d− 1)n −
s∑
i=1
µi .
In view of (1.3), this ends the proof of the main theorem (0.4).
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